L'utilisation des POMDP pour les résumés multi-documents orientés par une thématique by Chali, Yllias et al.
  
   
Open Archive TOULOUSE Archive Ouverte (OATAO)  
OATAO is an open access repository that collects the work of Toulouse researchers and 
makes it freely available over the web where possible.  
This is an author-deposited version published in : http://oatao.univ-toulouse.fr/ 
Eprints ID : 12418 
The contribution was presented at TALN 2013 :  
http://www.taln2013.org/ 
 
Official URL:   
http://www.taln2013.org/actes/www/TALN-2013/actes/taln-2013-long-003.pdf 
To cite this version : Chali, Yllias and Mojahid, Mustapha and Hasan, Sadid A. 
L'utilisation des POMDP pour les résumés multi-documents orientés par une 
thématique. (2013) In: 20eme conference sur le Traitement Automatique des 
Langues Naturelles (TALN 2013), 17 June 2013 - 21 June 2013 (Les Sables 
d'Olonne, France). 







(1) yllias.chali@uleth.ca (2) mustapha.mojahid@irit.fr 
HP+:1P&QQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQQ&&
@R5A6<S3#?&4=#0S#4$"&,2&=D%2TD&T2"3#U,5S2T<03%&5=#<03D&4$=&20<&3(DT$3#V2<&<%3&,<&BD0D=<=&
20& =D%2TD& W& 4$=3#=& ,<& ,5S2T<03%& %52=S<%& <0& =D450%<& W& 20<& =<V2X3<& ?5=T2"D<& 4$=&
"R23#"#%$3<2=.&'<33<&3YS(<&<%3&,#??#S#"<&S$=&#"&0R<O#%3<&4$%&,<&TD3(5,<&<??#S$S<&452=&T<%2=<=&"$&
%$3#%?$S3#50& ,<& "R23#"#%$3<2=.& '<"$& #03=5,2#3& $#0%#& 20<& #0S<=3#32,<& ,$0%& "<& 4=5S<%%2%& ,<&
BD0D=$3#50&,<&=D%2TD.&Z$0%&S<3&$=3#S"<*&052%&4=545%50%&20<&T5,D"#%$3#50&,<&"R#0S<=3#32,<&<0&
?5=T2"$03& 053=<& %>%3[T<& ,<& =D%2TD& S5TT<& 20& 4=5S<%%2%& ,<& ,DS#%#50& T$=\5;#<0&
4$=3#<""<T<03&5A%<=;$A"<%&8E]1ZE9&S$=&,$0%&,<&05TA=<2O&,5T$#0<%&50&$&T503=D&V2<& "<%&




I(<&T$#0& B5$"& 5?& 354#SU?5S2%<,&T2"3#,5S2T<03& %2TT$=#^$3#50& #%& 35& B<0<=$3<& $& %2TT$=>&
?=5T& 3(<& %52=S<& ,5S2T<03%& #0& =<%450%<& 35& $& B#;<0& V2<=>& 5=& 4$=3#S2"$=& #0?5=T$3#50&
=<V2<%3<,&A>&3(<&2%<=.&I(#%&3$%\&#%&,#??#S2"3&#0&"$=B<&4$=3&A<S$2%<&3(<=<&#%&05&%#B0#?#S$03&_$>&
5?&T<$%2=#0B&_(<3(<=&3(<&2%<=& #%&%$3#%?#<,&_#3(&3(<& #0?5=T$3#50&4=5;#,<,.&I(#%& #03=5,2S<%&
20S<=3$#03>& #0& 3(<& S2==<03& %3$3<& 5?& 3(<& %2TT$=>& B<0<=$3#50& 4=5S<,2=<.& G0& 3(#%& 4$4<=*&_<&
T5,<"& 3(<& 20S<=3$#03>& <O4"#S#3">& A>& ?5=T2"$3#0B& 52=& %2TT$=#^$3#50& %>%3<T& $%& $& E$=3#$"">&
]A%<=;$A"<&1$=\5;&Z<S#%#50&E=5S<%%&8E]1ZE9&%#0S<&=<%<$=S(<=%&#0&T$0>&$=<$%&($;<&%(5_0&







"$& B<%3#50& ,<%& ,5S2T<03%& <3& "<%& %>%3[T<%& ,<& =<S(<=S(<.& G"& 4<23& ?52=0#=& 4$=& <O<T4"<& ,<%&
%<=;#S<%& ,R#0?5=T$3#50& 4<=%500$"#%D%& %<"50& "<%& A<%5#0%& ,<%& 23#"#%$3<2=%.& Z$0%& S<3& $=3#S"<*&
052%&S50%#,D=50%&V2<&"<&4=5A"[T<&,<&4=5,2#=<&,<%&=D%2TD%&T2"3#U,5S2T<03%&5=#<03D%&4$=&
"$& 3(DT$3#V2<& =<;#<0,=$#3& W& <O3=$#=<& 20& %52%U<0%<TA"<& ,<& 4(=$%<%& S(5#%#<%& W& 4$=3#=& ,<%&
,5S2T<03%& 5=#B#0$2O& 81$0#& <3& 1$>A2=>*& )ddd9.& e2B<=& ,<& "R#T45=3$0S<& ,R20<& 4(=$%<& <%3&
"R$%4<S3& "<& 4"2%& <%%<03#<"& ,<& "$& BD0D=$3#50& ,<& =D%2TD.& '<33<& 3YS(<& <%3& ,#??#S#"<*& <0& B=$0,<&
4$=3#<&4$=S<&V2R#"&0R<%3&4$%&S<=3$#0&V2<&"$&4(=$%<&S(5#%#<&%5#3&%2??#%$TT<03&#T45=3$03<&452=&
X3=<&S50%#,D=D<&S5TT<&20<&4(=$%<&,2&=D%2TD.&G"&<%3&DB$"<T<03&,#??#S#"<&,<&B$=$03#=&V2<&"<%&
4(=$%<%& S(5#%#<%& ;503& %$3#%?$#=<& 353$"<T<03& "R23#"#%$3<2=.& '<& 4=5A"[T<& 4<23& X3=<& =D%5"2& <0&
=<?5=T2"$03&"$&3YS(<&,$0%&20<&4=5A"DT$3#V2<&,<&4=#%<&,<&,DS#%#50%&%DV2<03#<""<%.&
!"#$ %&'()"#$ '"$ *+&,"##-#$ '"$ '.,/#/&0$ %1+2&3/"0$ 45678$ #"$ #&09$ 13.+.#$ -9/)"#$ '10#$ -0"$
31+/.9.$ '"$ *+&:)(%"#$ '"$ '.,/#/&0$ 47-9"+%10;$ <==>8?$ !1$ #*.,/@/,19/&0$ 'A-0$ *+&:)(%"$ '"$
'.,/#/&0#$ #.B-"09/"))"#$ "0$ "03/+&00"%"09$ 9&91)"%"09$ &:#"+31:)"$ 13",$ -0$ %&'()"$ '"$






.919#$ "9$ 1,9/&0#$ 109.+/"-+#?$ !1$ 9P,J"$ *+/0,/*1)"$ '"#$ 567$ "#9$ '"$ 9+&-3"+$ -0"$ @&0,9/&0$ '"$
'.,/#/&0$π$B-/$#*.,/@/"$-0"$1,9/&0$*1+9/,-)/(+"$B-/$#"+1$,J&/#/"$'10#$-0$.919$!$N$)"$:-9$.9109$'"$
,J&/#/+$-0"$*&)/9/B-"$B-/$%1K/%/#"$ )1$ +.,&%*"0#"?$Q"*"0'109;$ )"#$567$0"$*"-3"09$ 9+1/9"+$




)*$ "+?;$ FGGV8?$ 610#$ ,"9$ 1+9/,)";$ 0&-#$ *+&*&#&0#$ 'A-9/)/#"+$ )"$ 7R567$ *&-+$ %&'.)/#"+$
)A/0,"+9/9-'"$/0J.+"09"$W$)1$9P,J"$'"$+.#-%.$%-)9/X'&,-%"09#?$$
610#$ 0&9+"$ 9P,J"$ '"$ +.#-%.;$ )A"03/+&00"%"09$ "#9$ *1+9/"))"%"09$ &:#"+31:)";$ ,1+$ /)$ "#9$
/0,"+91/0$'"$ #13&/+$ #/$ -0"$*J+1#"$ ,J&/#/"$ ,&0'-/9$ )"$ #Y#9(%"$W$-0$ .919$ '"$ +.#-%.$&-$0&0?$
O/0#/;$ 0&-#$ '.@/0/##&0#$ -0$ %&'()"$ 'A&:#"+319/&0$ ,&!'$ -($ B-/$ '.@/0/9$ )1$ *+&:1:/)/9.$ '"$
*"+,"3&/+$ )A&:#"+319/&0$-$'10#$ )A.919$!?$Q",/$ ,&0#9+-/9$-0$"0#"%:)"$'A.919#$'"$,+&Y10,"$B-/$
"#9$-0"$+"*+.#"0919/&0$'"$*+&:1:/)/9.#$'"#$.919#$+.")#$*&##/:)"#?$7-/#B-"$0&-#$0"$*&-3&0#$
'.9"+%/0"+$'"$%10/(+"$#Z+"$#/$0&-#$13&0#$199"/09$)A.919$+.#-%.$&-$0&0;$0&-#$#-**&#&0#$)"$
@1/9$B-"$ )A1E"09$1$,&001/##10,"$'"$9&-#$ )"#$.919#$'"$,+&Y10,"$"9$1/0#/;$ )1$*&)/9/B-"$&*9/%1)"$
*"-9$[9+"$1**+/#"$*1+$)1$9+10#@&+%19/&0$'"#$.919#$'"$,+&Y10,"$*1+$)"#$1,9/&0#?$
7&-+$ @&+%-)"+$ 0&9+"$ 9P,J"$ "0$ 9"+%"#$ '"$ 7R567;$ 0&-#$ #-**&#&0#$ B-A-0$ "0#"%:)"$ '"$
'&,-%"09#$ #&-+,"#$ "9$ )"-+#$ +.#-%.#$ '"$ +.@.+"0,"$ 4CC8$ ,+..#$ *1+$ -0$ "K*"+9$ J-%1/0$ #&09$









*+&'-/+"$ '"#$ +.#-%.#$ W$ *1+9/+$ '"$ 0&-3"))"#$ '&00."#$ '10#$ )1$ *J1#"$ '"$ 9"#9?$ D&-#$ 13&0#$











2+&%( 1&( "&40!5&&"-"&'( '5'+)"-"&'( 5=%"!4+=)",( 1&( :?89:( <51!&0'( 1&( -52.)"(
















1&( :?89:( #"1'( %"1)"-"&'( 2$210!"( 2"%( 0&<5!-+'05&%( 1'0)"%( P( #+!'0!( 235=%"!4+'05&%(
20%#5&0=)"%6( 7"''"( 0&>"!'0'12"( #"1'( Q'!"( >52$"( #+!( )3$'+'( 2"( >!5R+&>"( ?,( ;10( "%'( 1&"(






















'*0# +%&)():'0# 0(# *%(7# !# ?@'$$0&# 0(# A%,;)9B# CDDEF<# !2)170# 97*7,"&0# 12'*# 34563# 0$(# :'0#
&2"8()%*#%+()/"&0#*0#17+0*1#:'0#10#&27("(#10#8,%>"*80#8%',"*(#10#&2"90*(B#8",#)&#*2"#"88.$#:'2G#











t + k + 1|bt = b, at = a
k=0
∞
∑ }{ ## # ?CF#
J8)B# *!# ,0+,7$0*(0# &"# ;"&0',# 0$+7,70# 7("*(# 1%**7# :'0# &2"90*(# $')(# &"# +%&)():'0# !B# @(# 0$(# &0#
+,-.,/,-0",123+3#:')#0$(#17H)*)0#0*#H%*8()%*#10#&"#$7:'0*80#10#,78%/+0*$0$B#,(#KLB#,(#KCB#<<<#%M#
,(#0$(#&"#,78%/+0*$0#*'/7,):'0#:'0#&2"90*(#,0N%)(#G#&2)*$("*(#(<#A%'$#"++0&%*$#(!#&"#H%*8()%*#
"8()%*O;"&0',# +%',# &"# +%&)():'0# !<# 4# ,0+,7$0*(0# &0# H"8(0',# 12"8('"&)$"()%*# :')# 17(0,/)*0#
&2)/+%,("*80#10$# H'(',0$# ,78%/+0*$0$<#!0#$>$(./0#0$$")0#10# (,%';0,# &"#+%&)():'0#%+()/"&0#






,7$'/7<# !20$+"80# 127("($# :')# 178,)(# &20*;),%**0/0*(B# )*8&'0# &0$# 7("($# 10# ,7$'/7# 0(# *%*#
,7$'/7<#!2"8()%*#%+()/"&0#10#&2"90*(B#*0#$"8Q"*(#+"$#1"*$#:'0&#7("(#)&#0$(B#17+0*1#10#$%*#7("(#
10# 8,%>"*80# 8%',"*(<# !20$+"80# 127("($# 10$# 8,%>"*80$# 0$(# 8%*()*'B# ,0+,7$0*(7# +",# '*0#
1)$(,)-'()%*#10# +,%-"-)&)(7$B# 8%/+,0*1# &20*$0/-&0# 10$# 7("($# :'0# &2"90*(# +%',,")(# +,0*1,0<#
6"*$# &0# +,%-&./0# 120R(,"8()%*# 10# ,7$'/7B# &2%-X08()H# 0$(# 10# $7&08()%**0,# '*# 0*$0/-&0# 10#
+Q,"$0$# )/+%,("*(0$# 10# &"# 8%&&08()%*# 10# 1%8'/0*($# 1%**70# +%',# 8%*$()('0,# &0# ,7$'/7#
8"*1)1"(<#6"*$#8Q":'0#7("(#10#8,%>"*80B#%*#1)$+%$0#12'*#0*$0/-&0#12"8()%*$#+%$$)-&0$#:')#
+%',,")0*(# T(,0# %+7,70$# $',# &20*;),%**0/0*(# %M# 8Q":'0# "8()%*# )*1):'0# &"# $7&08()%*# 12'*0#




12%-$0,;"()%*# 0*# /0$',"*(# $"# +",0*(7# ";08# &0$# ,7$'/7$# 10# ,7H7,0*80$# H%',*)$<# A%'$#
/0$',%*$# 80((0# $)/)&",)(7# 0*# '()&)$"*(# &2%'()&# "'(%/"():'0# @4PYZ# ?@08"&&# 4,)0*(01#
P*10,$('1># +%',# Y)$()*9# Z;"&'"()%*F# ?!)*B# CDD[F<# !0$# /0$',0$# 8%*80,*0*(# &0# *%/-,0#




7!$% ?$$ACB=D70% !C#"#% L% 7!$% A7$"=A#D9% 57% M'N:M% @"=A% =#% AD!=KD% O"#G$C"##7% F7% >?%K?#C;A7%
!=CE?#$7%P% I% GQ?<=7% C#!$?#$0% >J7#ECA"##7K7#$% 7!$% F?#!% =#% G7A$?C#% D$?$% #"#% "B!7AED% !9% R7>?%
!CS#COC7%<=J=#7%@QA?!7%7!$%!D>7G$C"##D7%7$%FD@>?GD7%F?#!%>7%AD!=KD%G?#FCF?$%!?#!%!?E"CA%!C%>7%
!H!$;K7% ?% ?$$7C#$% >JD$?$% F7% AD!=KD% "=% #"#9% M=C!<=7% !% #J7!$% @?!% G"##=% T%7U?G$7K7#$%V0% =#7%




#"=E7>% D$?$% #"#% "B!7AED7% !'9% 5J7#ECA"##7K7#$% SD#;A7% ?>"A!% =#7% "B!7AE?$C"#% ('% @"=A%




:?#!% #"$A7% O"AK=>?$C"#0% >7% #"KBA7% FJD$?$!% AD7>!% 7!$% DS?>% I% F7=U% -D$?$% AD!=KD0% D$?$% #"#%
AD!=KD49% M=C!<=7% >J7#ECA"##7K7#$% 7!$% @?A$C7>>7K7#$% ?GG7!!CB>70% #"=!% ?E"#!% K"FD>C!D% >7%
@A"B>;K7%G"KK7%=#%M'N:M%7#%C#$A"F=C!?#$%=#%#"KBA7%C#OC#C%FJD$?$!%F7%GA"H?#G70%<=C%!"#$%
"B!7AE?B>7!% @?A% >J?S7#$9% M"=A% AD!"=FA7% G7% @A"B>;K70% #"=!% G"#!CFDA"#!% =#7% ?@@A"GQ7%
















?E7G% >7% KXK7% #"KBA7% F7% G"K@"!?#$!% <=7%  
! 
θ t 9% 5?% O"#G$C"#%
?@@A"UCKD7%?G$C"#+E?>7=A%7!$%F"##D7%@?A%P%
  








,"=!% G"#!CFDA"#!% #"$A7% @A"B>;K7% G"KK7% =#% @A"B>;K7% F7% @AC!7% FDGC!C"#% !D<=7#$C7>>7% I%
Q"AC["#% C#OC#C% <=C% $A"=E7% =#% E7G$7=A% F7% @?A?K;$A7!%  
! 
θ %@"=A%K?UCKC!7A%+#")*%$*I% @?A$CA% F7%
>JD<=?$C"#%-249%,"=!%=$C>C!"#!%=#%?>S"AC$QK7%F=%SA?FC7#$%F7%>?%@">C$C<=7%@"=A%AD!"=FA7%#"$A7%
@A"B>;K7%F7%M'N:M9%57!%Z>S"AC$QK7!%F=%SA?FC7#$%F7%>?%@">C$C<=7%"#$%$7#F?#G7%I%7!$CK7A%>7!%
@?A?K;$A7!%,% 7#% 7OO7G$=?#$% =#7%K"#$D7% F=% SA?FC7#$% !$"GQ?!$C<=79% 57% SA?FC7#$% ?@@A"UCKD%
@?A% >JC#$7A?G$C"#% ?E7G% >J7#ECA"##7K7#$0% 7$% >?% ADG"K@7#!7% <=C% 7#% AD!=>$7% 7!$% =$C>C!D% @"=A%
K7$$A7% I% \"=A% >J7!$CK?$C"#% F7% ,9% 57!% ?>S"AC$QK7!% F=% SA?FC7#$% F7% >?% @">C$C<=7% "@$CKC!7% =#%
"B\7G$CO%#"#%G"#E7U7%7$%#7%!"#$%S?A?#$C!%<=7%@"=A% $A"=E7A%=#%"@$CK=K%>"G?>% -]A?#?E?#%-.*
%/90% 1LL^49% ,"=!% =$C>C!"#!% =#7% E7A!C"#% F7% >J?>S"AC$QK7% K"FCOCD7% +* #0$% F7% 6?$_C#!% ?E7G%
F7!G7#$7%F7%SA?FC7#$%>C#D?CA7%-8=$$"#%7$%]?A$"0%/^^`4%7#%?@@>C<=?#$%>?%@">C$C<=7%a+S>"=$"##7%
?OC#% F7% FD$7AKC#7A% >?% K7C>>7=A7% ?G$C"#% @"!!CB>7% @"=A% !D>7G$C"##7A% >7!% @QA?!7!% >7!% @>=!%
CK@"A$?#$7!9%,"=!%#"=!%!7AE"#!%F7% >?%@">C$C<=7%a+S>"=$"##7%-G7%<=C%!CS#COC7%<=7% >?%@>=@?A$%
F=%$7K@!%G7$$7%@">C$C<=7%GQ"C!C$%=#7%?G$C"#%?E7G%>?%E?>7=A%K?UCK?>7%7!$CKD70%K?C!%=#7%?G$C"#%
7!$% !D>7G$C"##D7% ?=% Q?!?AF% ?E7G% =#7% @A"B?BC>C$D% -a4% @"=A% $A"=E7A% >JD<=C>CBA7% 7#$A7%
>J7U@>"A?$C"#% 7$% >J7U@>"C$?$C"#% @7#F?#$% >?% @Q?!7% FJ?@@A7#$C!!?S79% ,"=!% ?E"#!% @"!D% a% .% L9/9%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%
1%:?#!% GQ?<=7% D$?$0% >?% @A"B?BC>C$D% FJ"B!7AE?$C"#% 7!$% KC!7% I% \"=A% >"A!<=7% <=7% >7% !H!$;K7% 7!!?C7% F7% SD#DA7A% =#%




;*$& <(+=*$& 8*& #'()*& $',1("'#& >?@A>& $'#(& =)<$*#(<*$& 8+#$& ,B+,-')"(./*& 9& 'C& D& *$(& 1#&




*(& M& *$(& ,*& 0'*NN"0"*#(& 8B+0(1+,"$+("'#& 1(","$<& ='1)& 0+,01,*)& ,+& )<0'/=*#$*& 8B1#*&=+")*& <(+(3
+0("'#:& ;*& N+0(*1)& 8B+0(1+,"$+("'#& 8<(*)/"#*& ,B"/=')(+#0*& 8*$& N1(1)*$& )<0'/=*#$*$:& O'1$&
+2'#$&-+)8<&,+&2+,*1)&"#"("+,*&8*&M&4&6:9&I1B'#&N+"(&8"/"#1*)&8B1#&N+0(*1)&0'))*$='#8+#(&+1&
#'/P)*& 8B"(<)+("'#:& Q+#(& I1*& ,+& =',"("I1*& "#"("+,*& $<,*0("'##*& ,*$& +0("'#$& -,'1('##*$%&
,B+,-')"(./*& 0'#("#1*& ,B+==)*#("$$+-*& 8*& ,+& N'#0("'#& +0("'#32+,*1)& +2*0& 1#*& ,+& =',"("I1*&





*$(&=)"$*%& *,,*$& $'#(&/"$*$&4&6&='1)& ('1(*$& ,*$&=+")*$&<(+(3+0("'#:&A+#$& ,*& 0+$& 0'#()+")*%& ,*$&
()+0*$& 8B<,"-"P","(<& ='1)& ('1(*$& ,*$& =+")*$& <(+(3+0("'#& $'#(& 8<0'/='$<*$& =+)& MV:& A+#$& ,+&
8*1S"L/*& <(+=*%& ,+& 2+,*1)& 8*& ,+& ()+0*& 8B<,"-"P","(<& 8*& ,+& =+")*& +0(1*,,*& <(+(3+0("'#& *$(&
"#0)</*#(<*&8*&9&('1(&*#&+001/1,+#(&,*$&()+0*$:&;+&2*)$"'#&')"-"#+,*&8*&,B+,-')"(./*&!"#$&8*&





8B1#*& <(+=*& 8*& $+1(& +,<+('")*& <2"(*& ,*$& /+S"/1/$& ,'0+1S& 8+#$& #'()*& +,-')"(./*:& ;*&
=+)+/L()*& #& 8<N"#"(& I1*,& 0)<8"(& #'1$& ='12'#$& +00')8*)& +1S& <(+($& +#(<)"*1)$:& %& *$(& ,*&
=+)+/L()*&8*&,+&(+",,*&8*&=+$&='1)&,*&=)'0<8<&8*&,+&8*$0*#(*&8*&-)+8"*#(&I1"&*$(&)<81"(&=+)&
1#&N+0(*1)&8*&6%55&8*&$')(*&I1*&,B+==)*#("$$+-*&0'#2*)-*&2*)$&,*&P1(:&&&*$(&,*&(+1S&8B*))*1)&8*&
=)<8"0("'#& <(+(32+,*1):& Y#& Z&<="$'8*&[& *$(& ,+#0<& 4& ,+& =.+$*& 8B+==)*#("$$+-*& ='1)& 0.+I1*&
(.L/*& *(& $*& (*)/"#*& I1+#8& ,B<(+(& 8*& )<$1/<& N"#+,& *$(& +((*"#(:& ;+& 0'#8"("'#& Z&'& #B*$(& =+$&
(*)/"#+,*&[& *$(& $+("$N+"(*& ,')$I1*& '& $*& )<NL)*& 4& ,B<(+(& N"#+,& 8*& )<$1/<:& ;B<(+(& 8*& 0)'K+#0*&
"#"("+,& +& 1#*& 8"$()"P1("'#& 8*& =)'P+P","(<& 1#"N')/*& $1)& ,*$& <(+($& )<*,$:& ;B+0("'#& "#"("+,*& *$(&





,B+,-')"(./*& 9H:& O'()*& *#$*/P,*& 8*& ()+"($& 0'/=)*#8& 8*1S& (K=*$%& ,*& =)*/"*)& 0+)+0(<)"$*&
,B"/=')(+#0*&8B1#*&=.)+$*&8+#$&1#&8'01/*#(&*(&,*&$*0'#8&/*$1)*&,+&$"/",+)"(<&*#()*&0.+I1*&
=.)+$*& *(& ,+& )*I1^(*& 8*& ,B1(","$+(*1):& R*$& ()+"($& '#(& <(<& +8'=(<$& =+)& =,1$"*1)$& ()+2+1S&
0'##*S*$& 4& 0*((*& =)'P,</+("I1*& E_8/1#8$'#%& 95`5&J& ;"(2+X& ()* +,:%& a696&J& b0.",8*)& *(&
c'#8+8+8"%&a66dH:&
&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&









A'(/0#!%'-2(2+4+,1!0#!7-/,#/+'!0#$! +/5-'8(,+-/$! +8%-',(/,#$9!B('!7-/$1)*#/,C!*/#! 4-/A*#!
%&'($#!(!0#!8#+44#*'#!7&(/7#!0#!5+A*'#'!0(/$!*/!'1$*819!:-*$!0-//-/$!4#!$7-'#!0#!>!3!*/#!
4-/A*#! %&'($#! #,! ?! (*@! (*,'#$9! "6(/(4;$#!8(/*#44#! 0#! 4(! 7-44#7,+-/! 0#! 0-7*8#/,$! /-*$! (!
(8#/1!3!5+@#'!4#!$#*+4!0#!>>!8-,$!%-*'!7-/$+01'#'!)*6*/#!%&'($#!#$,!4-/A*#9!
2",,)#*"&(-&3)'-4)3' 5)' %$%,)'.! D+! /-*$! ,'-*.-/$! 0#$! 7&#.(*7&#8#/,$! 0#!8-,$! #@(7,$C! 0#!
$;/-/;8#$C!-*!06&;%-/;8#$!#/,'#!4#!,+,'#!#,!*/#!%&'($#C!/-*$!4*+!(,,'+2*-/$!4#!$7-'#!0#!>C!
$+/-/! ?9! :-*$! *,+4+$-/$! 4(! 2($#! 0#! 0-//1#$! E-'0:#,F!GH#442(*8C! >IIJK! %-*'! 46(77<$! (*@!
$;/-/;8#$!#,!(*@!&;%-/;8#$9!
6+70(-15.%!>!LGλK!0#!E(,M+/$!8-0+5+1!N!
6&%,7#'.!  α ,
! 






θ !3!  
! 
0 C!  
! 
e !3!  
! 






!   e(i)← e(i) +ϕ(i) !)
) ) 5(+'#!46(7,+-/!(C!-2$#'.#'!4(!'17-8%#/$#!#,!461,(,!$*+.(/,!2!
! !   δ← r − ϕ(i)θ(i)i∑ !
! ! 80'(!(!!∈!+,#-!!!92-(%!
! ϕ !←!#/$#824#!0#!,'(+,$!%'1$#/,$!0(/$!#C!%!
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